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Can I put aside

$25,000 when I’m 20

and wind up sitting on

half a million dollars by

my early fifties? Will 

population growth lead to

a future without comfort

or individual choice? Why

did I feel I was walking too

slowly on my visit to New York

City? Are Californians at greater risk

from drunk drivers than from earth-

quakes? What is the difference between

earthquakes measuring 6 and 7 on the Richter

scale? And what can possibly be causing merchants

at our local shopping mall to grin from ear to ear as

they watch the browsers?

The functions that you will be learning about in

this chapter will provide you with the 

mathematics for answering these questions.

You will see how these remarkable 

functions enable us to predict the future

and rediscover the past.

You’ll be sitting on $500,000 in Example 10 of Section 3.4. Here’s
where you’ll find the other models related to our questions:

• World population growth: Section 3.5, Example 6

• Population and walking speed: Section 3.5, Check Point 5, and Review 
Exercises, Exercise 82

• Alcohol and risk of a car accident: Section 3.4, Example 9

• Earthquake intensity: Section 3.2, Example 9.

We open the chapter with those grinning merchants and the sound of ka-ching!
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388 Chapter 3 Exponential and Logarithmic Functions

Exponential Functions

Just browsing? Take your time. Researchers know, to
the dollar, the average amount the typical consumer

spends per minute at the shopping mall. And the
longer you stay, the more you spend. So if you say

you’re just browsing, that’s just fine with the mall
merchants. Browsing is time and, as shown in
Figure 3.1, time is money.

The data in Figure 3.1 can be modeled by the
function

where is the average amount spent, in dollars, at
a shopping mall after hours. Can you see how this
function is different from polynomial functions? The

variable is in the
exponent. Functions
whose equations

contain a variable in the
exponent are called
exponential functions. Many
real-life situations, including
population growth, growth of
epidemics, radioactive decay,
and other changes that
involve rapid increase or
decrease, can be described
using exponential functions.

x

x
f1x2

f1x2 = 42.211.562x,

Objectives

� Evaluate exponential functions.

� Graph exponential functions.

� Evaluate functions with base

� Use compound interest
formulas.

e.

Sec t i on

Mall Browsing Time and Average Amount Spent

Time at a Shopping Mall (hours)
3.5

$200

3

$149

2

$111

1

$73

0.5

$47

$240

$200

$160

$120

$80

$40
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Figure 3.1
Source: International Council of Shopping Centers Research, 2006

Definition of the Exponential Function
The exponential function with base is defined by

where is a positive constant other than 1 ( and ) and is any
real number.

xb Z 1b 7 0b

f1x2 = bx or y = bx,

bf

Here are some examples of exponential functions:

Each of these functions has a constant base and a variable exponent.
By contrast, the following functions are not exponential functions:

f(x)=2x 1
2

Base is 2.

g(x)=10x

Base is 10.

h(x)=3x±1

Base is 3.

j(x)=a   b
x–1

Base is   .1
2

.

Why is not classified as an exponential function? The number 1
raised to any power is 1. Thus, the function can be written as which is a
constant function.

G1x2 = 1,G
G1x2 = 1x

F(x)=x2

Variable is the base
and not the exponent.

H(x)=(–1)x J(x)=xx.

Variable is both the
base and the exponent.

G(x)=1x

The base of an exponential
function must be a positive

constant other than 1.

The base of an exponential
function must be positive.
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Section 3.1 Exponential Functions 389

� Evaluate exponential functions. You will need a calculator to evaluate exponential expressions. Most scientific
calculators have a key. Graphing calculators have a key. To evaluate

expressions of the form enter the base press or enter the exponent 

and finally press or .

Evaluating an Exponential Function

The exponential function models the average amount spent,
in dollars, at a shopping mall after hours. What is the average amount spent, to the
nearest dollar, after four hours?

x
f1x2,f1x2 = 42.211.562x

EXAMPLE 1

� ENTER �� = �x,

� ¿ �,� yx �b,bx,

� ¿ �� yx �

H(x)=(–1)x

Not an exponential
function

Ha    b=(–1)  =�–1=i.
1
21

2

All values of x resulting in
even roots of negative numbers

produce nonreal numbers.

Why is not an exponential function? The base of an exponential
function must be positive to avoid having to exclude many values of from the
domain that result in nonreal numbers in the range:

x
H1x2 = 1-12x

Evaluating 42.2(1.56)4

on a graphing calculator

Solution Because we are interested in the amount spent after four hours,
substitute 4 for and evaluate the function.

This is the given function.

Substitute 4 for 

Use a scientific or graphing calculator to evaluate Press the following keys on
your calculator to do this:

The display should be approximately 249.92566.

Thus, the average amount spent after four hours at a mall is $250.

Check Point 1 Use the exponential function in Example 1 to find the average
amount spent, to the nearest dollar, after three hours at a shopping mall. Does this
rounded function value underestimate or overestimate the amount shown in
Figure 3.1? By how much?

Graphing Exponential Functions
We are familiar with expressions involving where is a rational number. For
example,

However, note that the definition of includes all real numbers for the
domain You may wonder what means when is an irrational number, such 
as or Using closer and closer approximations for we 

can think of as the value that has the successively closer approximations

In this way, we can graph exponential functions with no holes, or points of discontinuity,
at the irrational domain values.

b1.7, b1.73, b1.732, b1.73205, Á .

b13

23 A23 L 1.73205 B ,bp.b13
xbxx.

f1x2 = bx

b1.7
= b 

17
10

 

= 210 b17 and b1.73
= b

 

173
100

 

= 2100 b173 .

xbx,

f142 = 42.211.5624 L 249.92566 L 250

Graphing calculator:  42.2 � *  � 1.56 � ¿ � 4 � ENTER �.
Scientific calculator:  42.2 � *  � 1.56 � yx � 4 � = �

f142.

x. f142 = 42.211.5624
 f1x2 = 42.211.562x

x

� Graph exponential functions.
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390 Chapter 3 Exponential and Logarithmic Functions

Graphing an Exponential Function

Graph:

Solution We begin by setting up
a table of coordinates.

We plot these points, connecting them with a continuous curve. Figure 3.2 shows the
graph of Observe that the graph approaches, but never touches, the
negative portion of the Thus, the or is a horizontal asymptote.
The range is the set of all positive real numbers. Although we used integers for in
our table of coordinates, you can use a calculator to find additional points. For 
example, and The points (0.3, 1.231) 
and (0.95, 1.932) approximately fit the graph.

Check Point 2 Graph:

Graphing an Exponential Function

Graph:

Solution We begin by setting up a table of coordinates.We compute the function
values by noting that

g1x2 = a
1
2
b

x

= 12-12
x

= 2-x.

g1x2 = a
1
2
b

x

.

EXAMPLE 3

f1x2 = 3x.

f10.952 = 20.95
L 1.932.f10.32 = 20.3

L 1.231

x
y = 0,x-axis,x-axis.

f1x2 = 2x.

f1x2 = 2x.

EXAMPLE 2

1 2 3−1−2−3

Domain: (−∞, ∞)

R
an

ge
: (

0,
 ∞

)

y

1

2

3

4

5

6

7

8

x

Horizontal asymptote:
y = 0

f(x) = 2x

Figure 3.2 The graph of f1x2 = 2x

1 2 3−1−2−3

Domain: (−∞, ∞)

R
an

ge
: (

0,
 ∞

)

y

1

2

3

4

5

6

7

8

x

1
2g(x) = (   )x

Horizontal asymptote:
y = 0

Figure 3.3 The graph of g1x2 = a
1
2
b

x

We plot these points, connecting them with a continuous curve. Figure 3.3 shows the
graph of This time the graph approaches, but never touches, the
positive portion of the Once again, the or is a horizontal
asymptote. The range consists of all positive real numbers.

y = 0,x-axis,x-axis.
g1x2 = A12 B

x.

x f(x) � 2x

-3 f1-32 = 2-3
=

1
8

-2 f1-22 = 2-2
=

1
4

-1 f1-12 = 2-1
=

1
2

0 f102 = 20
= 1

1 f112 = 21
= 2

2 f122 = 22
= 4

3 f132 = 23
= 8

x or 2�xg(x) � a
1
2
b

x

-3 g1-32 = 2-1-32
= 23

= 8

-2 g1-22 = 2-1-22
= 22

= 4

-1 g1-12 = 2-1-12
= 21

= 2

0 g102 = 2-0
= 1

1 g112 = 2-1
=

1
21 =

1
2

2 g122 = 2-2
=

1
22 =

1
4

3 g132 = 2-3
=

1
23 =

1
8
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Section 3.1 Exponential Functions 391

Do you notice a relationship between the graphs of and 
in Figures 3.2 and 3.3? The graph of is the graph of 

reflected about the 

Check Point 3 Graph: Note that 

Four exponential functions have been graphed in Figure 3.4. Compare
the black and green graphs, where to those in blue and red, where 
When the value of increases as the value of increases. When the
value of decreases as the value of increases. Notice that all four graphs pass
through (0, 1).

xy
b 6 1,xyb 7 1,

b 6 1.b 7 1,

f1x2 = A13 B
x

= 13-12
x

= 3-x.f1x2 = A13 B
x.

g(x)=a    b
x

=2–x=f(–x).

Recall that the graph of y = f(−x)
is the graph of y = f(x)

reflected about the y-axis.

1
2

y-axis:f1x2 = 2x

g1x2 = A12 B
xg1x2 = A12 B

x
f1x2 = 2x

1

2

3

4

5

6

7

1 2 3−1−2−3

y

x

y = 7x

y = 2x

1
2y = ( )x

3
4y = ( )x

Horizontal asymptote: y = 0 Figure 3.4 Graphs of four
exponential functions

Characteristics of Exponential Functions of the Form 

1. The domain of consists of all real numbers: The range
of consists of all positive real numbers:

2. The graphs of all exponential functions of the form pass through
the point (0, 1) because The is 1. There is
no .

3. If has a graph that goes up to the right and is an increasing
function.The greater the value of the steeper the increase.

4. If has a graph
that goes down to the right and is a
decreasing function. The smaller
the value of the steeper the decrease.

5. is one-to-one and has an
inverse that is a function.

6. The graph of approaches,
but does not touch, the The

or is a horizontal
asymptote.

y = 0,x-axis,
x-axis.

f1x2 = bx

f1x2 = bx

b,

0 6 b 6 1, f1x2 = bx

b,
b 7 1, f1x2 = bx

x-intercept
y-interceptf102 = b0

= 1 1b Z 02.
f1x2 = bx

10, q2.f1x2 = bx
1- q , q2.f1x2 = bx

f (x) � bx

x

y

f(x) = bx

b > 1
f(x) = bx

0 < b < 1

(0, 1)

Horizontal asymptote: y = 0

These graphs illustrate the following general characteristics of exponential
functions:
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392 Chapter 3 Exponential and Logarithmic Functions

Transformations Involving Exponential Functions

Use the graph of to obtain the graph of 

Solution The graph of is the graph of shifted 1 unit to
the left.

f1x2 = 3xg1x2 = 3x + 1

g1x2 = 3x + 1.f1x2 = 3x

EXAMPLE 4

Table 3.1 Transformations Involving Exponential Functions
In each case, represents a positive real number.c

Transformation Equation Description

Vertical translation

g1x2 = bx
- c

g1x2 = bx
+ c • Shifts the graph of 

upward units.
• Shifts the graph of 

downward units.c
f1x2 = bx

c
f1x2 = bx

Horizontal translation

g1x2 = bx - c

g1x2 = bx + c • Shifts the graph of 
to the left units.

• Shifts the graph of 
to the right units.c

f1x2 = bx
c

f1x2 = bx

Reflection

g1x2 = b-x

g1x2 = -bx • Reflects the graph of 
about the 

• Reflects the graph of 
about the y-axis.

f1x2 = bx
x-axis.

f1x2 = bx

Vertical stretching or
shrinking

g1x2 = cbx • Vertically stretches the graph
of if 

• Vertically shrinks the graph
of if 0 6 c 6 1.f1x2 = bx

c 7 1.f1x2 = bx

Horizontal stretching or 
shrinking

g1x2 = bcx • Horizontally shrinks the graph
of if 

• Horizontally stretches the
graph of if 0 6 c 6 1.f1x2 = bx

c 7 1f1x2 = bx

Graph g(x) = 3x+1.
Shift f 1 unit left.

Subtract 1 from each
x-coordinate.

Graph f(x) = 3x. We
identified three points

and the horizontal asymptote.

The graph of g(x) = 3x+1

with three points and the
horizontal asymptote labeled

1

2

3

4

5

6

1 2 3−1−2−3

y

f(x) = 3x

(0, 1)

(1, 3)

1

2

3

4

5

6

1 2 3−1−2−3

y

g(x) = 3x+1

(−1, 1)

(0, 3)

(−1, a) (−2, a)

f(x) � 3x

–2

–1

0

1

2

f(–2)=3–2=

f(–1)=3–1=

f(0)=30=1

f(1)=31=3

f(2)=32=9

x
1
9

1
3

Begin with a table showing
some of the coordinates

for f.

Horizontal asymptote: y = 0

x x

Horizontal asymptote: y = 0

Transformations of Exponential Functions
The graphs of exponential functions can be translated vertically or horizontally,
reflected, stretched, or shrunk. These transformations are summarized in Table 3.1.

Check Point 4 Use the graph of to obtain the graph of 

If an exponential function is translated upward or downward, the horizontal
asymptote is shifted by the amount of the vertical shift.

g1x2 = 3x - 1.f1x2 = 3x
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The Natural Base 
An irrational number, symbolized by the letter 
appears as the base in many applied exponential
functions. The number is defined as the value
that approaches as gets larger and

larger. Table 3.2 shows values of for
increasingly large values of As the
approximate value of to nine decimal places is

The irrational number approximately 2.72,
is called the natural base. The function 
is called the natural exponential function.

Use a scientific or graphing calculator with
an key to evaluate to various powers. For 
example, to find press the following keys on
most calculators:

The display should be approximately 7.389.

The number lies between 2 and 3. Because and it makes sense that 
approximately 7.389, lies between 4 and 9.

e2,32
= 9,22

= 4e

e2
L 7.389

 Graphing calculator:  � ex � 2 � ENTER �.
 Scientific calculator:  2 � ex �

e2,
e� ex �

f1x2 = ex
e,

e L 2.718281827.

e
n : q ,n.
A1 +

1
n B

n
nA1 +

1
n B

n
e

e,

e

Section 3.1 Exponential Functions 393

Transformations Involving Exponential Functions

Use the graph of to obtain the graph of 

Solution The graph of is the graph of shifted down
3 units.

f1x2 = 2xg1x2 = 2x
- 3

g1x2 = 2x
- 3.f1x2 = 2x

EXAMPLE 5

Graph g(x) = 2x − 3.
Shift f 3 units down.
Subtract 3 from each

y-coordinate.

Graph f(x) = 2x. We
identified three points

and the horizontal asymptote.

The graph of g(x) = 2x − 3
with three points and the

horizontal asymptote labeled

f(x) � 2x

–2

–1

0

1

2

f(–2)=2–2=

f(–1)=2–1=

f(0)=20=1

f(1)=21=2

f(2)=22=4

x
1
4

1
2

Begin with a table showing
some of the coordinates

for f.

x

Horizontal asymptote: y = −3

1

−2

−1

2

3

4

5

1 2 3−1−2−3

y

f(x) = 2x

1

−2

−1

2

3

4

5

1 2 3−1−2−3

y

x

g(x) = 2x − 3

(−2, ~)

(2, 4)

(0, 1)

(−2, −2!) (0, −2)

(2, 1)

Horizontal asymptote: y = 0

Check Point 5 Use the graph of to obtain the graph of g1x2 = 2x
+ 1.f1x2 = 2x

� Evaluate functions with base e.

Technology
Graphic Connections

As the graph of 
approaches the graph

of 

y = e

1
ny = 1 +

n( )

[0, 15, 1] by [0, 3, 1]

n

y

y = e.
y = A1 +

1
n B

n
n : q ,

Table 3.2

n a1 �
1
n
b

n

1 2

2 2.25

5 2.48832

10 2.59374246

100 2.704813829

1000 2.716923932

10,000 2.718145927

100,000 2.718268237

1,000,000 2.718280469

1,000,000,000 2.718281827

As n : q , a1 +

1
n
b

n

: e.
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394 Chapter 3 Exponential and Logarithmic Functions

Because the graph of is between the graphs of and
shown in Figure 3.5.

Gray Wolf Population

Insatiable killer. That’s the reputation the gray wolf acquired in the United
States in the nine-
teenth and early
twentieth centuries.
Although the label
was undeserved, an
estimated two million
wolves were shot,
trapped, or poisoned.
By 1960, the popula-
tion was reduced to
800 wolves. Figure
3.6 shows the rebound-
ing population in
two recovery areas
after the gray wolf
was declared an
endangered species
and received federal
protection.

The exponential function

models the gray wolf population of the Northern Rocky Mountains, years after
1978. If the wolf is not removed from the endangered species list and trends shown in
Figure 3.6 continue, project its population in the recovery area in 2010.

Solution Because 2010 is 32 years after 1978, we substitute 32 for in the
given function.

This is the given function.

Substitute 32 for 

This indicates that the gray wolf population of the Northern Rocky Mountains in
the year 2010 is projected to be 3412.

Check Point 6 The exponential function models the gray
wolf population of the Western Great Lakes, years after 1978. If trends
shown in Figure 3.6 continue, project the gray wolf’s population in the recovery
area in 2012.

In 2008, using exponential functions and projections like those in Example 6
and Check Point 6, the U.S. Fish and Wildlife Service removed the gray wolf from
the endangered species list, a ruling environmentalists vowed to appeal.

f1x2, x
f1x2 = 1066e0.042x

Perform this computation on your calculator.

1.26 * 1  .247 *  32 2 ENTER

1.26 * 1  .247 *  32 2 =

This parenthesis is given on
some calculators.

Scientific calculator:

Graphing calculator:

The display should be approximately 3412.1973.

Thus,                          f (32)  =  1.26e0.247(32)  L  3412.

ex

ex

x. f1322 = 1.26e0.2471322

 f1x2 = 1.26e0.247x

x

f1x2, x

f1x2 = 1.26e0.247x

EXAMPLE 6

y = 3x,
y = 2xy = ex2 6 e 6 3,

1

3

2

4

1−1

y

x

y = 2x

y = 3x

(0, 1)

(1, 2)

(1, e)

(1, 3)

y = ex

Horizontal asymptote: y = 0

Figure 3.5 Graphs of three
exponential functions

Gray Wolf Population in Two Recovery Areas for Selected Years

337
1243 1235 1500

2369

Year
1979

2

1989

12

1999 2006
Year

1979 1989 1999 2006

3949
Northern Rocky Mountains Western Great Lakes

Figure 3.6
Source: U.S. Fish and Wildlife Service
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Section 3.1 Exponential Functions 395

Compound Interest
We all want a wonderful life with fulfilling work, good health, and loving relationships.
And let’s be honest: Financial security wouldn’t hurt! Achieving this goal depends on
understanding how money in savings accounts grows in remarkable ways as a result
of compound interest. Compound interest is interest computed on your original
investment as well as on any accumulated interest.

Suppose a sum of money, called the principal, is invested at an annual
percentage rate in decimal form, compounded once per year. Because the interest
is added to the principal at year’s end, the accumulated value, is

The accumulated amount of money follows this pattern of multiplying the previous
principal by for each successive year, as indicated in Table 3.3.11 + r2

A = P + Pr = P11 + r2.

A,
r,

P,

� Use compound interest formulas.

Table 3.3

t

oo

A=P

A=P(1+r)

A=P(1+r)(1+r)=P(1+r)¤

A=P(1+r)¤(1+r)=P(1+r)‹

A=P(1+r)‹(1+r)=P(1+r)›

A=P(1+r)t

0

1

2

3

4

Time in Years Accumulated Value after Each Compounding

This formula gives
the balance, A,
that a principal,
P, is worth after
t years at interest
rate r, compounded

once a year.

Most savings institutions have plans in which interest is paid more than once a
year. If compound interest is paid twice a year, the compounding period is six months.
We say that the interest is compounded semiannually. When compound interest is
paid four times a year, the compounding period is three months and the interest is said
to be compounded quarterly. Some plans allow for monthly compounding or daily
compounding.

In general, when compound interest is paid times a year, we say that there
are compounding periods per year.The formula can be adjusted to
take into account the number of compounding periods in a year. If there are

compounding periods per year, in each time period the interest rate is and there
are time periods in years. This results in the following formula for the balance,

after years:

Some banks use continuous compounding, where the number of compounding
periods increases infinitely (compounding interest every trillionth of a second, every
quadrillionth of a second, etc.). Let’s see what happens to the balance, as 

1
n
r
S
n
rLet h =

As n → ∞, h → ∞.
. As h → ∞, by definition

a ba b 1+ =P =PertA=P =P C n
r 1

h Sa b1+
r
n

1+ Crt
nt

rt
h

1
h

1 + → e.h

n
r � rt = nt

( )

n : q .A,

A = Pa1 +

r
n
b

nt

.

tA,
tnt

r
nn

A = P11 + r2tn
n
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396 Chapter 3 Exponential and Logarithmic Functions

We see that the formula for continuous compounding is Although
continuous compounding sounds terrific, it yields only a fraction of a percent more
interest over a year than daily compounding.

A = Pert.

Formulas for Compound Interest
After years, the balance, in an account with principal and annual interest
rate (in decimal form) is given by the following formulas:

1. For compoundings per year:

2. For continuous compounding: A = Pert.

A = Pa1 +

r
n
b

nt

n

r
PA,t

Choosing between Investments

You decide to invest $8000 for 6 years and you have a choice between two accounts.
The first pays 7% per year, compounded monthly. The second pays 6.85% per year,
compounded continuously. Which is the better investment?

Solution The better investment is the one with the greater balance in the account
after 6 years. Let’s begin with the account with monthly compounding. We use
the compound interest model with (monthly
compounding means 12 compoundings per year), and 

The balance in this account after 6 years is $12,160.84.
For the second investment option, we use the model for continuous

compounding with and 

The balance in this account after 6 years is $12,066.60, slightly less than the previous
amount. Thus, the better investment is the 7% monthly compounding option.

Check Point 7 A sum of $10,000 is invested at an annual rate of 8%. Find
the balance in the account after 5 years subject to a. quarterly compounding
and b. continuous compounding.

A = Pert
= 8000e0.0685162

L 12,066.60

t = 6.P = 8000, r = 6.85% = 0.0685,

A = Pa1 +

r
n
b

nt

= 8000a1 +

0.07
12
b

12 #6

L 12,160.84

t = 6.
P = 8000, r = 7% = 0.07, n = 12

EXAMPLE 7

Exercise Set 3.1

Practice Exercises
In Exercises 1–10, approximate each number using a calculator.
Round your answer to three decimal places.

1. 2. 3. 4. 5.

6. 7. 8. 9. 10.

In Exercises 11–18, graph each function by making a table of
coordinates. If applicable, use a graphing utility to confirm your
hand-drawn graph.

11. 12.

13. 14.

15. 16.

17. 18. f1x2 = 10.82xf1x2 = 10.62x
h1x2 = A13 B

xh1x2 = A12 B
x

g1x2 = A43 B
xg1x2 = A32 B

x

f1x2 = 5xf1x2 = 4x

e-0.75e-0.95e3.4e2.36-1.2

4-1.551331532.423.4

In Exercises 19–24, the graph of an exponential function is given.
Select the function for each graph from the following options:

19. 20.

1

2

3

4

1 2−1−2

y

x

1 2−1−2

y

x

−4

−3

−2

−1

 F1x2 = -3x, G1x2 = 3-x, H1x2 = -3-x.

 f1x2 = 3x, g1x2 = 3x - 1, h1x2 = 3x
- 1, 
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21. 22.

23. 24.

In Exercises 25–34, begin by graphing Then use
transformations of this graph to graph the given function. Be
sure to graph and give equations of the asymptotes. Use the
graphs to determine each function’s domain and range. If
applicable, use a graphing utility to confirm your hand-drawn
graphs.

25. 26.

27. 28.

29. 30.

31. 32.

33. 34.

The figure shows the graph of In Exercises 35–46, use
transformations of this graph to graph each function. Be sure to
give equations of the asymptotes. Use the graphs to determine each
function’s domain and range. If applicable, use a graphing utility
to confirm your hand-drawn graphs.

35. 36.

37. 38.

39. 40.

41. 42.

43. 44.

45. 46. h1x2 = e 

x
2

 + 2h1x2 = e2x
+ 1

g1x2 =
1
2 exg1x2 = 2ex

h1x2 = -exh1x2 = e-x

h1x2 = ex + 1
- 1h1x2 = ex - 1

+ 2

g1x2 = ex
- 1g1x2 = ex

+ 2

g1x2 = ex + 1g1x2 = ex - 1

(−1, e−1 ≈ 0.37)
(−2, e−2 ≈ 0.14)

10
9
8
7
6

y

1 2

1
2
3
4
5

−1−2
x

Horizontal asymptote: y = 0

(2, e2 ≈ 7.39)

(1, e ≈ 2.72)

(0, 1)

f(x) = ex

f1x2 = ex.

g1x2 =
1
2
# 2xg1x2 = 2 # 2x

g1x2 = 2-xg1x2 = -2x

h1x2 = 2x + 2
- 1h1x2 = 2x + 1

- 1

g1x2 = 2x
+ 2g1x2 = 2x

- 1

g1x2 = 2x + 2g1x2 = 2x + 1

f1x2 = 2x.

1

2

3

4

1 2−1−2

y

x−1

1

2

3

1 2−1−2

y

x

1

2

3

4

1 2−1−2

y

x

1 2−1−2

y

x

−4

−3

−2

−1

In Exercises 47–52, graph functions and in the same rectangular
coordinate system. Graph and give equations of all asymptotes. If
applicable, use a graphing utility to confirm your hand-drawn
graphs.

47. and 

48. and 

49. and 

50. and 

51. and 

52. and 

Use the compound interest formulas and 

to solve Exercises 53–56. Round answers to the
nearest cent.

53. Find the accumulated value of an investment of $10,000 for
5 years at an interest rate of 5.5% if the money is
a. compounded semiannually; b. compounded quarterly;
c. compounded monthly; d. compounded continuously.

54. Find the accumulated value of an investment of $5000 for 10
years at an interest rate of 6.5% if the money is a. compounded
semiannually; b. compounded quarterly; c. compounded
monthly; d. compounded continuously.

55. Suppose that you have $12,000 to invest. Which investment
yields the greater return over 3 years: 7% compounded
monthly or 6.85% compounded continuously?

56. Suppose that you have $6000 to invest. Which investment
yields the greater return over 4 years: 8.25% compounded
quarterly or 8.3% compounded semiannually?

Practice Plus
In Exercises 57–58, graph and in the same rectangular
coordinate system. Then find the point of intersection of the two
graphs.

57.

58.

59. Graph and in the same rectangular
coordinate system.

60. Graph and in the same rectangular
coordinate system.

In Exercises 61–64, give the equation of each exponential function
whose graph is shown.

61. 62.

(1, 6)(0, 1)

(2, 36)

40

32

24

16

y

1 2

8

−1−2
x

(−1, Z)y = 0

(1, 4)

(2, 16)

20

16

12

y

1 2

4

8

−1−2
x

(−1, ~)y = 0

(0, 1)

x = 3yy = 3x

x = 2yy = 2x

f1x2 = 2x + 1, g1x2 = 2-x + 1

f1x2 = 2x, g1x2 = 2-x

gf

A = Pert

A = Pa1 +

r
n
b

nt

g1x2 = A12 B
x - 1

+ 2f1x2 = A12 B
x

g1x2 = A12 B
x - 1

+ 1f1x2 = A12 B
x

g1x2 = 3 # 3xf1x2 = 3x

g1x2 =
1
3
# 3xf1x2 = 3x

g1x2 = -3xf1x2 = 3x

g1x2 = 3-xf1x2 = 3x

gf
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63. 64.

Application Exercises
Use a calculator with a key or a key to solve Exercises
65–70.

65. India is currently one of the world’s fastest-growing
countries. By 2040, the population of India will be larger than
the population of China; by 2050, nearly one-third of the
world’s population will live in these two countries alone. The
exponential function models the popula-
tion of India, in millions, years after 1974.

a. Substitute 0 for and, without using a calculator, find
India’s population in 1974.

b. Substitute 27 for and use your calculator to find India’s
population, to the nearest million, in the year 2001 as
modeled by this function.

c. Find India’s population, to the nearest million, in the
year 2028 as predicted by this function.

d. Find India’s population, to the nearest million, in the
year 2055 as predicted by this function.

e. What appears to be happening to India’s population
every 27 years?

66. The 1986 explosion at the Chernobyl nuclear power plant in
the former Soviet Union sent about 1000 kilograms of
radioactive cesium-137 into the atmosphere. The function 

describes the amount, in kilograms,
of cesium-137 remaining in Chernobyl years after 1986. If
even 100 kilograms of cesium-137 remain in Chernobyl’s
atmosphere, the area is considered unsafe for human
habitation. Find and determine if Chernobyl will be
safe for human habitation by 2066.

The formula models inflation, where 
value today, annual inflation rate, and inflated
value years from now. Use this formula to solve Exercises 67–68.
Round answers to the nearest dollar.

67. If the inflation rate is 6%, how much will a house now worth
$465,000 be worth in 10 years?

68. If the inflation rate is 3%, how much will a house now worth
$510,000 be worth in 5 years?

69. A decimal approximation for is 1.7320508. Use a
calculator to find and Now  

find What do you observe?

70. A decimal approximation for is 3.141593. Use a calculator
to find and Now
find What do you observe?2p.

23.141593.23, 23.1, 23.14, 23.141, 23.1415, 23.14159,
p

213
.

21.7320508.21.7, 21.73, 21.732, 21.73205,
23

t
S = ther = the

C = theS = C11 + r2t

f1802

x
f1x2,f1x2 = 100010.52 

x
30

x

x

xf1x2,
f1x2 = 57411.0262x

� ¿ �� yx �

10
9
8
7
6

y

1 2

1
2
3
4
5

−1−2
x

(0, 1)
(−1, e)

(−2, e2)

(1,   )1
e

y = 0

−6

−8

−10

y

1 2

−2

−4

−1−2

(0, −1)

(1, −e)

(2, −e2)

(−1, −   )

x

y = 0

1
e

Use a calculator with an key to solve Exercises 71–76.

The graph shows the number of words, in millions, in the U.S.
federal tax code for selected years from 1955 through 2005. The
data can be modeled by

in which and represent the number of words, in millions,
in the federal tax code years after 1955. Use these functions to
solve Exercises 71–72. Round answers to one decimal place.

x
g1x2f1x2

f1x2 = 0.15x + 1.44 and g1x2 = 1.87e0.0344x,

� ex �

71. a. According to the linear model, how many millions of
words were in the federal tax code in 2005?

b. According to the exponential model, how many millions
of words were in the federal tax code in 2005?

c. Which function is a better model for the data in 2005?

72. a. According to the linear model, how many millions of
words were in the federal tax code in 1975?

b. According to the exponential model, how many millions
of words were in the federal tax code in 1975?

c. Which function is a better model for the data in 1975?

73. In college, we study large volumes of information—
information that, unfortunately, we do not often retain for
very long. The function

describes the percentage of information, that a particular
person remembers weeks after learning the information.

a. Substitute 0 for and, without using a calculator, find the
percentage of information remembered at the moment it
is first learned.

b. Substitute 1 for and find the percentage of information
that is remembered after 1 week.

c. Find the percentage of information that is remembered
after 4 weeks.

d. Find the percentage of information that is remembered
after one year (52 weeks).

74. In 1626, Peter Minuit convinced the Wappinger Indians to
sell him Manhattan Island for $24. If the Native Americans
had put the $24 into a bank account paying 5% interest, how
much would the investment have been worth in the year 2005
if interest were compounded

a. monthly? b. continuously?

x

x

x
f1x2,

f1x2 = 80e-0.5x
+ 20

2005

9.1

1995

7.6

1985

5.7

1975

3.9

1965

3.5

10

8

6

4

N
um

be
r 

of
 W

or
ds

(m
ill

io
ns

)

Number of Words, in Millions,
in the Federal Tax Code

Year
1955

1.42

Source: The Tax Foundation
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The functions

model the percentage of college graduates among people ages 25
and older, or years after 1950. Use these functions
to solve Exercises 75–76.

75. Which function is a better model for the percentage who
were college graduates in 2006?

76. Which function is a better model for the percentage who
were college graduates in 1990?

Writing in Mathematics
77. What is an exponential function?
78. What is the natural exponential function?

79. Use a calculator to evaluate for 

and 1,000,000. Describe what happens to the
expression as increases.

80. Describe how you could use the graph of to obtain

a decimal approximation for 

Technology Exercises
81. You have $10,000 to invest. One bank pays 5% interest

compounded quarterly and a second bank pays 4.5% interest
compounded monthly.
a. Use the formula for compound interest to write a func-

tion for the balance in each bank at any time 
b. Use a graphing utility to graph both functions in an

appropriate viewing rectangle. Based on the graphs,
which bank offers the better return on your money?

82. a. Graph and in the same viewing
rectangle.

b. Graph and in the same
viewing rectangle.

c. Graph and in the
same viewing rectangle.

d. Describe what you observe in parts (a)–(c). Try general-
izing this observation.

y = 1 + x +

x2

2
+

x3

6
+

x4

24
y = ex

y = 1 + x +

x2

2
+

x3

6
y = ex

y = 1 + x +

x2

2
y = ex

t.

22.

f1x2 = 2x

x
10,000, 100,000,

x = 10, 100, 1000,a1 +

1
x
b

x

g1x2, xf1x2

f1x2 = 6.1911.0292x and g1x2 =

37.3

1 + 6.1e-0.052x

The bar graph shows the percentage of people 25 years of age and
older who were college graduates in the United States for seven
selected years.

1960

7.7

1970

11.0

1980

17.0

1990

21.3

2000

25.6

2006

28.0
32%

24%

28%

16%

20%

12%

8%

P
er

ce
nt

ag
e 

W
ho

 W
er

e
C

ol
le

ge
 G

ra
du

at
es

Percentage of College Graduates, Among People
Ages 25 and Older, in the United States

Year
1950

6.0

4%

Source: U.S. Census Bureau

Critical Thinking Exercises
Make Sense? In Exercises 83–86, determine whether each
statement makes sense or does not make sense, and explain
your reasoning.

83. My graph of shows that the horizontal
asymptote for is 

84. I’m using a photocopier to reduce an image over and over
by 50%, so the exponential function models the
new image size, where is the number of reductions.

85. I’m looking at data that show the number of Americans who
travel outside the United States to get medical care, and a
linear function appears to be a better choice than an
exponential function for modeling the number of medical
tourists from 2004 through 2007.

x
f1x2 = A12 B

x

x = 3.f
f1x2 = 3 # 2x

2005

75

2006

150

2007

300

375

300

225

150

Number of Americans Traveling
Abroad for Medical Care

Year
2004

3875

N
um

be
r 

of
 M

ed
ic

al
 T

ou
ri

st
s

(t
ho

us
an

ds
)

Source: Patients Beyond Borders

86. I use the natural base when determining how much money
I’d have in a bank account that earns compound interest
subject to continuous compounding.

In Exercises 87–90, determine whether each statement is true or
false. If the statement is false, make the necessary change(s) to
produce a true statement.

87. As the number of compounding periods increases on a fixed
investment, the amount of money in the account over a fixed
interval of time will increase without bound.

88. The functions and have the same
graph.

89. If then 

90. The functions and have the same
graph.

91. The graphs labeled (a)–(d) in the figure represent 
and but not necessarily in that

order.Which is which? Describe the process that enables you
to make this decision.

x

y

(a) (b) (c) (d)

(0, 1)

0

y = A15 B
x,y = 5x, y = A13 B

x,
y = 3x,

g1x2 = 3-xf1x2 = A13 B
x

f1a + b2 = f1a2 + f1b2.f1x2 = 2x,

g1x2 = -3xf1x2 = 3-x

e
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The earthquake that ripped through northern
California on October 17, 1989 measured

7.1 on the Richter scale, killed more than
60 people, and injured more than 2400. Shown
here is San Francisco’s Marina district, where
shock waves tossed houses off their foundations
and into the street.

A higher measure on the Richter scale is
more devastating than it seems because for each
increase in one unit on the scale, there is a tenfold
increase in the intensity of an earthquake. In this
section, our focus is on the inverse of the expo-
nential function, called the logarithmic function.
The logarithmic function will help you to under-
stand diverse phenomena, including earthquake
intensity, human memory, and the pace of life in
large cities.

Objectives

� Change from logarithmic
to exponential form.

� Change from exponential
to logarithmic form.

� Evaluate logarithms.

� Use basic logarithmic
properties.

� Graph logarithmic functions.

� Find the domain of a
logarithmic function.

� Use common logarithms.

� Use natural logarithms.

Logarithmic FunctionsSec t i on 3.2

Study Tip
The discussion that follows is based on our work with inverse functions in Section 1.8. Here is
a summary of what you should already know about functions and their inverses.

1. Only one-to-one functions have inverses that are functions. A function, has an inverse
function, if there is no horizontal line that intersects the graph of at more than
one point.

2. If a function is one-to-one, its inverse function can be found by interchanging and in
the function’s equation and solving for 

3. If then The domain of is the range of The range of is the
domain of 

4. and 

5. The graph of is the reflection of the graph of about the line y = x.ff-1

f-11f1x22 = x.f1f-11x22 = x

f-1.
ff-1.ff-11b2 = a.f1a2 = b,

y.
yx

ff-1,
f,

The Definition of Logarithmic Functions
No horizontal line can be drawn that intersects the graph of an exponential function at
more than one point.This means that the exponential function is one-to-one and has an
inverse. Let’s use our switch-and-solve strategy from Section 1.8 to find the inverse.

Step 1 Replace with 
Step 2 Interchange and 
Step 3 Solve for ?y:

x = by.y:x
y = bx.y:f(x)

f(x)=bx
All exponential functions have

inverse functions.

400 Chapter 3 Exponential and Logarithmic Functions

Preview Exercises
Exercises 94–96 will help you prepare for the material covered in
the next section.

94. What problem do you encounter when using the switch-and-
solve strategy to find the inverse of (The switch-
and-solve strategy is described in the box on page 235.)

95. 25 to what power gives 5? 

96. Solve: 1x - 322 7 0.

125?
= 52

f1x2 = 2x?

92. Graph and its inverse function in the same rectan-
gular coordinate system.

93. The hyperbolic cosine and hyperbolic sine functions are
defined by

a. Show that cosh is an even function.
b. Show that sinh is an odd function.
c. Prove that 1cosh x22 - 1sinh x22 = 1.

x
x

cosh x =

ex
+ e-x

2
 and sinh x =

ex
- e-x

2
.

f1x2 = 2x
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